Steering is the entanglement-based quantum effect that embodies the "spooky action at a distance" disliked by Einstein and scrutinized by Einstein, Podolsky, and Rosen. Here we provide a necessary and sufficient characterization of steering, based on a quantum information processing task: the discrimination of branches in a quantum evolution, which we dub subchannel discrimination. We prove that, for any bipartite steerable state, there are instances of the quantum subchannel discrimination problem for which this state allows a correct discrimination with strictly higher probability than in absence of entanglement, even when measurements are restricted to local measurements aided by one-way communication. On the other hand, unsteerable states are useless in such conditions, even when entangled. We also prove that the above steering advantage can be exactly quantified in terms of the steering robustness, which is a natural measure of the steerability exhibited by the state. Not all entangled states are steerable, and not all steerable states exhibit nonlocality [4, 5] , but states that exhibit steering allow for the verification of their entanglement in a semi-device independent way: there is no need to trust the devices used by the steering party, and the ability to determine the conditional states of the steered party is sufficient [4, 5, 9] . In general, besides its foundational interest, steering is interesting in practice in bipartite tasks, like quantum key distribution (QKD) [10] , where it is convenient and/or appropriate to trust the devices of one of two parties, but not necessarily of the other party. For example, by exploiting steering it is possible to obtain key rates unachievable in a full device-independent approach [11], but still assuming less about the devices than in a standard QKD approach [12] . For these reasons, steering has attracted a lot of interest in recent times, both theoretically and experimentally [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , mostly directed to the verification of steering. Nonetheless, an answer to the question "What is steering useful for?" that applies to states that exhibit steering can arguably be considered limited [9, 12] . Furthermore, the quantification of steering has just started to be addressed [24] .
Not all entangled states are steerable, and not all steerable states exhibit nonlocality [4, 5] , but states that exhibit steering allow for the verification of their entanglement in a semi-device independent way: there is no need to trust the devices used by the steering party, and the ability to determine the conditional states of the steered party is sufficient [4, 5, 9] . In general, besides its foundational interest, steering is interesting in practice in bipartite tasks, like quantum key distribution (QKD) [10] , where it is convenient and/or appropriate to trust the devices of one of two parties, but not necessarily of the other party. For example, by exploiting steering it is possible to obtain key rates unachievable in a full device-independent approach [11] , but still assuming less about the devices than in a standard QKD approach [12] . For these reasons, steering has attracted a lot of interest in recent times, both theoretically and experimentally [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , mostly directed to the verification of steering. Nonetheless, an answer to the question "What is steering useful for?" that applies to states that exhibit steering can arguably be considered limited [9, 12] . Furthermore, the quantification of steering has just started to be addressed [24] .
In this Letter we fully characterize and quantify steering in an operational way that nicely matches the asymmetric features of steering, and that breaks new ground in the investigation of the usefulness of steering. We prove that every steerable state is a resource in a quantum information task that we dub subchannel discrimination, in a practically relevant scenario where measurements can only be performed locally.
Subchannel discrimination is the identification of which branch of a quantum evolution a quantum system undergoes (see Fig. 1 ). It is well known that entanglement between a probe and an ancilla can help in discriminating different channels [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . In [42] it was proven that actually every entangled state is useful in some instance of the subchannel discrimination problem. Ref. [43] raised and analyzed the question of whether such an advantage is preserved when joint measurements on the output probe and the ancilla are not possible. Here we prove that, when only local measurements coordinated by forward classical communication are possible, every steerable state remains useful, while non-steerable entangled states become useless. We further prove that this usefulness, optimized over all instances of the subchannel discrimination problem, is exactly equal to the robustness of steering-a natural way of quantifying steering using techniques similar to the ones used in [24] , but based on the notion of robustness [44] [45] [46] [47] . We argue that the resulting quantification of steering, besides having operational interpretations both in terms of resilience to noise and usefulness, is quantitatively more detailed.
Preliminaries: entanglement and steering.-In the following we will denote by aˆ(hat) mathematical entities that are "normalized." So, for example, a positive semidefinite operator with unit trace is a (normalized) stateρ. An ensemble E = {ρ a } a for a stateρ is a collection of substates ρ a ≤ρ such that a ρ a =ρ. Each substate ρ a can be seen as being proportional to a normalized stateρ a , ρ a = p aρa , with p a = Tr(ρ a ) being the probability ofρ a in the ensemble. An assemblage A = {E x } x = {ρ a|x } a,x is a collection of ensembles E x for the same stateρ, one for each x, i.e., a ρ a|x =ρ, for all x. For example, E = { Along similar lines, a measurement assemblage MA = {M a|x } a,x is a collection of positive operators M a|x ≥ 0 satisfying a M a|x = 1 1 for each x. Such a collection represents one positive-operator-valued measure (or POVM), describing a general quantum measurement, for each x. For a fixed bipartite stateρ AB , every measurement assemblage on Alice gives rise to an assemblage on Bob, via
On the other hand, every assemblage on Bob {σ a|x } a,x has a quantum realization (1) for someρ AB satisfyinĝ ρ B = Tr A (ρ AB ) = x σ a|x =:σ B and for some measurement assemblage {M a|x } a,x [48] . An assemblage A = {ρ a|x } a,x is unsteerable if
for all a, x, for some probability distribution p(λ), conditional probability distributions p(a|x, λ), and statesσ(λ).
Here λ indicates a (hidden) classical random variable, and we introduced also subnormalized states σ(λ) = p(λ)σ(λ). We observe that every conditional probability distribution p(a|x, λ) can be written as a convex combination of deterministic conditional probability distributions:
is a deterministic response function labeled by ν. This means that, by a suitable relabeling,
where the summation is over labels of deterministic response functions. We say that an assemblage {ρ a|x } a,x is steerable if it is not unsteerable. A separable (or unentangled ) state is one that admits a decomposition [49] 
with p(a|x, λ) = Tr A (M a|x σ A (λ)). It follows that entanglement is a necessary condition for steerability, and, in turn, a steerable assemblage is a clear signature of entanglement. Interestingly, not all entangled states lead to steerable assemblages by the action of appropriate local measurement assemblages [4, 5] ; we call steerable states those that do, and unsteerable states those that do not. There exist entangled states that are steerable in one direction, e.g., with Alice measuring, but not in the other, when it is instead Bob trying to steer (see, e.g., [22] ). In the following we will always think of Alice as the steering party, and, for the sake of brevity we will call (un)steerable the states that can (not) be steered by Alice.
Channel and subchannel identification.-A subchannel Λ is a linear completely positive map that is trace non-increasing: Tr(Λ[ρ]) ≤ Tr(ρ), for all states ρ. If a subchannel Λ is trace-preserving, Tr(Λ[ρ]) = Tr(ρ), for all ρ, we use theˆnotation and say thatΛ is a channel. An instrument I = {Λ a } a for a channelΛ is a collection of subchannels Λ a such thatΛ = a Λ a (see Figure 1) . Any instrument has a physical realization, where the (classical) index a can be considered available to some party [2, 50, 51] .
Fix an instrument {Λ a } a for a channelΛ, and consider a measurement {Q b } b on the output space ofΛ. The joint probability of Λ a and
) is the probability of the subchannel Λ a for the given input ρ and p(b|a) = p(a, b)/p(a) is the conditional probability of the outcome b given that the subchannel Λ a took place (see Figure 2(a) ). The probability of correctly identifying which subchannel was realized is
The archetypal case of subchannel discrimination is that of channel discrimination, where Λ a = p aΛa , with channelsΛ a and probabilities p a . The problem often considered is that of telling apart just two channelŝ Λ 0 andΛ 1 , each given with probability p 0 = p 1 = 1/2. In this case the total (average) channel is simply A decomposition of a channel into subchannels can be seen as a decomposition of a quantum evolution into branches of the evolution. If {Λa}a is an instrument forΛ, then we can imagine that the evolution ρ →Λ[ρ] has branches ρ → Λa[ρ], where each branch takes place with probability Tr(Λa[ρ]). The transformation described by the total channelΛ can be seen as the situation where the "which-branch" information is lost. An example of subchannel discrimination problem is that of distinguishing between the two quantum evolutions Λi[ρ] = KiρK † i , i = 0, 1, with K0 = |0 0| + √ 1 − γ|1 1| and K1 = √ γ|0 1|, corresponding to the so-called amplitude damping channelΛ = Λ0 + Λ1 [2] .
The best success probability in identifying subchannels {Λ a } a with an input ρ is defined as
Optimizing also over the input state, one arrives at p
, where the superscript NE stands for "no entanglement" (see Fig. 2(a) ).
Indeed, one may try to improve the success probability by using an entangled input state ρ AB of an input probe B and an ancilla A. The guess about which subchannel took place is based on a joint measurement of the output probe and the ancilla (see Fig. 2 (b)), with success probability
In the latter expression we have explicitly indicated that the subchannels act non-trivially only on B, while input state and measurement pertain to AB. One can define the optimal probability of success for a scheme that uses input entanglement and global measurements:
. It is known that there are instances of subchannel discrimination, already in the simple setting [43] and references therein). In [42] it was proven that, for any entangled state ρ AB , there exists a choice {
i.e., that every entangled state is useful for the task of (sub)channel discrimination. In this sense, every entangled state, independently of how weakly entangled it is, is a resource. Nonetheless, exploiting such a resource may require arbitrary joint measurements on the output probe and ancilla [43] . From a conceptual perspective, one may want to limit measurements to those that can be performed by local operations and classical communication (LOCC), as this makes the input entangled state the only non-local resource. This limitation can be justified also from a practical perspective: LOCC measurements are arguably easier to implement, and might be the only feasible kind of measurements, especially in a scenario where only weakly entangled states can be produced. We do not know whether every entangled state stays useful for subchannel discrimination when measurements are restricted to be LOCC. 
where we used (1), and Λ † a is the dual of Λ a , defined
. If the assemblage A = {ρ a|x } a,x appearing on the last line of (6) is unsteerable, then we can achieve an equal or better performance with an uncorrelated probe in the best input stateσ(λ) among the ones appearing in Eq. (2). Thus, if ρ AB is unsteerable, then it is useless for subchannel discrimination with one-way measurements. This applies also to entangled states that are unsteerable, which are nonetheless useful in channel discrimination with arbitrary measurements [42] .
We will now prove that every steerable state is useful in subchannel discrimination with one-way-LOCC measurements. To state our result in full detail we need to introduce the steering robustness of ρ AB ,
where the supremum is over all measurement assemblages MA = {M a|x } a,x on A, R(A) is the steering robustness of the assemblage A,
and A is obtained from ρ AB with the measurement assemblage MA on A (see Eq. (1)). The steering robustness of A is a measure of the minimal "noise" needed to destroy the steerability of the assemblage A, where such noise is in terms of the mixing with an arbitrary assemblage {τ a|x } a,x . With the notation set, we have the following theorem. 
where the supremum is over all instruments I.
Proof. Using the definitions (7) and (8) it is immediate to verify (see Appendix)
B→A and any I. We will prove next that the bound can be approximated arbitrarily well. We will do so by constructing appropriate instances of the subchannel discrimination problem. To do this, we will need that the steering robustness R(A) of any assemblage A = {ρ a|x } a,x can be calculated via semidefinite programming (SDP) [52] . In particular, in the Appendix we prove that R(A) + 1 is equal to the optimal value of the SDP optimization problem
where the λ's are labels for the deterministic response functions. Now, let MA = {M a|x } a,x be a measurement assemblage on A, and A the resulting assemblage on B. Let F a|x be optimal, i.e., such that a,x Tr(F a|x ρ a|x ) = 1 + R(A). Define linear maps Λ a via their duals, as
Here • is composition, and Π X indicates the projector onto an orthonormal basis {|x }, x = 1, . . . , |X|, where |X| is the number of settings in the measurement assemblage MA. The constant α > 0 will be chosen soon. Because of the conditions (10c), (11) , and (12), the Λ † a 's are completely positive linear maps, hence the Λ a 's are too; they act according to Λ a [ρ] = α x Tr(F a|x ρ)|x x|, and can be seen as subchannels as long as a Λ †
∞ , with · ∞ the operator norm.
We can now introduce N additional subchannels, defined as Λ a [ρ] = Conclusions.-We have proven that the steerable states are precisely those states that are useful for the task of subchannel discrimination with feed-forward local measurements. This provides a satisfactorily answer to a question left open by [43] about the characterization of a large class of entangled states that remain useful for (sub)channel discrimination with local measurements. Most importantly, it provides a full operational characterization-and proof of usefulness-of steering in terms of a fundamental task, subchannel discrimination, in a setting-that of restricted measurements-very relevant from the practical point of view. The construction in the proof of Theorem 1 proves that, for any measurement assemblage MA on A such that the corresponding A exhibit steering with robustness R(A) > 0, there exist instances of the subchannel discrimination problem with restricted measurements where the use of the steerable state ensures a probability of success approximately (1 + R(A))-fold higher than in the case where no entanglement is used. Thus, the robustnesses R(A) and R A→B steer (ρ AB ) have operational meanings not only in terms of the resilience of steerability versus noise, but in applicative terms. Also, they constitute semi-deviceindependent lower bounds,
on the generalized robustness of entanglement R g (ρ AB ) [45, 46] , defined as
which is an entanglement measure with operational interpretations itself [53, 54] . That (13) holds is immediate, given definitions (7) and (8) and the fact that a separable state leads always to unsteerable assemblages. Besides these observations, we believe that the way to quantify steerability that we have introduced is finer-grained than the approach of [24] , while preserving the computational efficiency deriving from the use of semidefinite programming. For example, while the so-called steering weight of [24] is such that all pure entangled states, however weekly entangled, are deemed maximally steerable, because of (13) we know that weakly entangled pure states have small steering robustness [46] . On the other hand, maximally entangled states ψ + d for large local dimension d do have large steering robustness. Indeed, in the Appendix we prove that, if d is some power of a prime number, then R A→B steer (ψ
The are many questions that remain open for further investigation: a closed formula for the steerability robustness of pure (maximally entangled) states; whether the result of Theorem 1 can be strengthened to prove that every steerable state is useful for channel-rather than general subchannel-discrimination with restricted measurements; whether general LOCC (rather than one-way LOCC) measurements can restore the usefulness of all entangled states for (sub)channel discrimination. [59] Notice that no bipartite state ρAB is useful in one-way subchannel identification when the communication goes from the ancilla to the output probe. This is because the initial measurement of the ancilla simply creates an ensemble of input substates for the channel, and we might as well choose the best input to begin with. So, the only one-way communication that may have a non-trivial effect is that from the output probe to the ancilla.
Robustness as semidefinite program
Inspired by the work of Pusey [23] and Skrzypczyk et al. [24] , we are going to prove that calculating the steering robustness R(A) of an assemblage A = {ρ a|x } a,x falls under the umbrella of semidefinite programming (SDP) [52] .
By definition, see Eq. (8), R(A) is the minimum positive t such that ρ a|x = (1 + t)σ US a|x − tτ a|x , ∀a, x, with {σ US a|x } a,x an unsteerable assemblage and {τ a|x } a,x an arbitrary assemblage. Notice that, since {ρ a|x } a,x and {σ US a|x } a,x are assemblages, τ a|x = (1 + t)σ US a|x − ρ a|x /t is automatically an assemblage as long as
Since {σ US a|x } a,x is unsteerable, see Eq. (3), we can rewrite Eq. (15) as the condition
where the σ λ 's are subnormalized states, and the sum is over all the deterministic strategies to output a given x. If we consider that the factor (1 + t) can be absorbed into the σ λ 's (so that they are generally unnormalized, rather subnormalized), we realize that R(A) + 1 can be characterized as the solution to
This is an example of SDP optimization problem [52] . For our purposes, the primal problem of an SDP is an optimization problem cast as
where:
• C, X is the objective function;
• B and C are given Hermitian matrices;
• X is the matrix variable on which to optimize;
• X, Y := Tr(X † Y ) is the Hilbert-Schmidt inner product;
• Φ is a given Hermiticity-preserving linear map.
The dual problem provides a lower bound to the objective function of the primal problem. The dual problem is given by
where Φ † is the dual of Φ with respect to the HilbertSchmidt inner product, and Y is another matrix variable.
One says that strong duality holds when the optimal values of the primal and dual problems coincide. Strong duality holds in many cases, and in particular under the Slater conditions that (i) the primal and dual problems are both feasible, and moreover the primal problem is strictly feasible, meaning that there is a positive definite X > 0 such that Φ[X] > B, or (ii) the primal and dual problems are both feasible, and moreover the dual problem is strictly feasible, meaning that there is a Y > 0 such that Φ † [Y ] < C. In case (i), not only do the primal and dual values coincide, but there must exist Y opt that achieves the optimal value for the dual problem; and similarly, in the case (ii), there must exist X opt that achieves the optimal value in the primal problem.
In our case
where diag(·) a,x indicates a block-diagonal matrix whose diagonal blocks are labeled by a, x, and the X λ 's are the diagonal blocks of X, labeled by λ. Thus, we have
, and the dual of the primal problem (16) reads
It is easy to verify that both Slater conditions hold in our case. For instance, one can take σ λ = 21 1 for all λ, and F a|x = 1 1 |X|+1 for all a, x, with |X| being the number of possible values for x. Thus, there exist F a|x = F opt a|x satisfying the constraints of Eq. (17) and such that a,x Tr(F a|x ρ a|x ) = 1 + R(A).
We remark that the optimal F a|x can always be chosen to saturate (17b). That is, there is a deterministic strategy D(a|x, λ) and a normalized pure state |φ such that
This is because otherwise it is always possible to increase (in operator sense) some F a|x 's, still maintaining the optimal value for the objective function (which is operator monotone in the F a|x 's).
Details of the proof of Theorem 1
The claimed upper bound,
can be proved using (6) and definitions (7) and (8):
On the other hand, suppose that MA = {M a|x } a,x , where a = 1, . . . , |A| and x = 1, . . . , |X|, is a measurement assemblage on A such that the corresponding assemblage A = {ρ a|x = Tr A (M A a|x ρ AB )} a,x is steerable. Let F a|x ≥ 0 be the operators optimal for (17) , such that a,x Tr(F a|x ρ a|x ) = 1 + R(A). In the proof of Theorem 1 of the main text we defined subchannels Λ a that act as
where α = a,x F a|x 
with Π ⊥ the projector onto the two-dimensional space orthogonal to span{|x | x = 1, . . . , |X|} that supports the arbitrary qubits statesσ a , a = |A| + 1, . . . , |A| + N . Also,
for a = |A| + 1, . . . , |A| + N . This implies that, for whatever input σ AB , the optimal Q B→A a can be chosen to have the form
with Π ⊥ N a Π ⊥ = N a , for |A| + 1 ≤ a ≤ |A| + N , a POVM on the orthogonal qubit space. Omitting a detailed and straightforward proof of this, we instead provide the following intuition: For the subchannels (19) , the best local measurement on the output probe is one that first of all discriminates between the space span{|x | x = 1, . . . , |X|} and the orthogonal qubit space. If the probe is found in the space span{|x | x = 1, . . . , |X|}, the probe is then measured in the basis {|x | x = 1, . . . , |X|} and the result if forwarded to decide which measurement to perform on the ancilla: this is optimal because, in this subspace, the output probe is already dephased in the basis {|x | x = 1, . . . , |X|}. If the probe is instead found in the orthogonal qubit space, there is no information to be gained from the ancilla, since, for the state of the probe to have support in the orthogonal qubit space, the probe must have been discarded and prepared in one of the random qubits statesσ a . So, in this case, the ancilla is necessarily decorrelated and its state independent of the specific Λ a , a = |A| + 1, . . . , |A| + N , that has been realized; thus the optimal guess about said Λ a can be made as soon as the output probe is measured.
Then, for an optimal M B→A = {Q B→A a } a of the form (20), we find in general
Tr(N aσa ),
for 1 ≤ a ≤ |A| and 1 ≤ x ≤ |X| (see Eq. (12)), therefore
In the last line we used 
It is clear that if σ AB = ρ AB and M ′ a|x = M a|x in (20) , so that σ a|x = ρ a|x , then we have
It remains to prove that
This is readily verified by considering that (17b) can be saturated, as argued at the end of the previous section (see (18) ), for an optimal solution of the SDP problem. So we have that for some deterministic D(a|x, λ) and some uncorrelated input state |φ to the channel, Considering also the subchannels Λ a , a = |A| + 1, . . . , |A| + N , and bounding their contribution to the probability of success as in (21), we arrive at (23) .
On the scaling of the steerability of maximally entangled states
We have argued that R A→B steer (ρ AB ) ≤ R g (ρ AB ). where R g (ρ AB ) is the generalized entanglement robustness (14) . Indeed, let τ AB be optimal for the generalized entanglement robustness, i.e., suppose
is separable. Then σ a|x = Tr A (M a|x σ AB ) is unsteerable for any measurement assemblage {M a|x } a,x , proving that R g (ρ AB ) is an upper bound to R A→B steer (ρ AB ) (see Eq. (7)). This means that, if a state is weakly entangled with respect to R g , it is also weakly steerable with respect to R A→B steer . In [46] it was proven that, for any bipartite pure state
here in its Schmidt decomposition, the generalized entanglement robustness is equal to
where N is the negativity of entanglement [55] . In particular, then, for a maximally entangled state in dimension d × d, |ψ Here |ψ * a|x indicates orthonormal vectors whose coefficients in the local basis {|i B } are the complex conjugate of the coefficients of |ψ a|x in the local basis {|i A }. Thus, the bases {|ψ * a|x } a=1,...,d are still mutually unbiased. We want to lower bound the steering robustness of {ρ B a|x } a,x , which in turn will give us a lower bound on R A→B steer (ψ + d,AB ). To do this, we use a specific choice for the F a|x 's in (17) . We choose F a|x = β|ψ * a|x ψ * a|x |, where β > 0 will be fixed to satisfy (17b) (condition (17c) is satisfied for any β ≥ 0), i.e., 
